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Abstract
Most simple models for cooling of sheet like intrusions, the Hawaiian lava lakes being one example, neglect the
effect of side wall heat loss on the overall thermal evolution. In this paper we extend a conventional one-dimensional
(1D) model for cooling of sheet like intrusions to account for lateral heat loss by either prescribing a fixed side wall
heat flux, or a heat flux controlled by heat transport in the surrounding wall rock. In the first part of the study we
analyze the general interplay between side wall cooling and the thermal evolution of the system; the second part
focuses on a comparison between our modeling results including models without and with lateral heat flux, and the
Hawaiian lava lake data. This comparison leads to the following three main conclusions: (1) Side wall cooling does
have a significant impact on the cooling history of lava lakes. (2) Models assuming a time dependent temperature
profile in the wall rock lead to a better fit with the measured temperature data. (3) Due to the sluggish conductive
heat transfer in the mush its thermal evolution is significantly decoupled from the temperature evolution of the
convecting bulk liquid.
/ 2003 Elsevier B.V. All rights reserved.
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1. Introduction
Cooling and crystallization processes are the
keys to understanding the evolution of oceanic
and continental crust. How exactly cooling and
crystallization interact during the solidi¢cation
of magma is a vigorous matter of research (e.g.
Bergantz, 1995; Jaupart and Tait, 1995; Hort,
1997; Jellinek and Kerr, 2001) and over the past
decades crystallization inside magmatic intrusions
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has been studied with several di¡erent numerical
models (e.g. Peck et al., 1977; Peck, 1978; Worster et al., 1990, 1993; Hort, 1997). Most of these
models assume sheet like geometries, so that lateral heat loss is negligible in the cooling process,
save for the models by Oldenburg and Spera
(1992) (see also Spera et al., 1995). For this reason, the interaction of lateral heat loss and the
thermal evolution of moderately non-sheet like
magmatic bodies remains somewhat unexplored.
One would expect that for aspect ratios (height
to width) smaller than 0.05 (typical for dikes
and sills, Marsh, 2000) side wall cooling becomes
negligible, but in the case of aspect ratios between
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Table 1
Complete list of symbols and parameters used in the model formulation
Parameter

Description

Value

Units

C
CP
Fb
Fwr
H
K
L
Nu
R
Ra
T
TL
TS
Tt
Ti
Tb
Twr
Tm
To
Umax
U*
U(T)
a
b
c
g
hi
hPi
k
r
r*
t
x
x*
y
y*
z
z*
K
U
Q = a/H = b/H = R/H
d = tU/H2
ax
Px
V
W
WL
b
ab
vGba
ae , vGae
Twrinit
9Twr

constant in Rayleigh^Nusselt relationship
constant in crystal growth function
convective heat £ux from bulk liquid through solidi¢cation front
lateral and basal heat £ux
height of the system
Boltzmann constant
latent heat
Nusselt number
radius
Rayleigh number
temperature
liquidus temperature
solidus temperature
surface temperature
interface temperature
bulk liquid temperature
wall rock temperature
temperature in the mush
initial temperature in Eqs. 1 and 2
amplitude of the growth rate function
normalized growth rate function
parameterized growth rate function
width
depth
speci¢c heat
gravitational acceleration
position of the solidi¢cation front
normalized position of the solidi¢cation front
thermal conductivity
radial distance
normalized radial distance
time
horizontal coordinate
normalized horizontal coordinate
horizontal coordinate
normalized horizontal coordinate
vertical coordinate
normalized vertical coordinate
thermal expansion constant
thermal di¡usivity
aspect ratio
dimensionless time
normalized temperature
crystallinity
empirical constant in Eq. 9
viscosity
viscosity at the liquidus temperature
density
activation energies
initial wall rock temperature
prescribed temp. gradient in the wall rock

^
^
^
^
^
1.38U10323
3.35U105
^
^
^
^
1473
1243
^
^
^
^
^
^
^
^
^
^
^
1100
9.81
^
^
^
^
^
^
^
^
^
^
^
^
1034
6U1036
^
^
^
^
0.056
^
50
2600
^
600
140

^
^
^
^
m
J K31
J kg31 K31
^
m
^
K
K
K
K
K
K
K
K
K
^
^
^
m
m
J kg31 K31
m s32
m
^
W m31 K31
m
^
s
m
^
m
^
m
^
K31
m2 s31
^
^
^
^
^
Pa s
Pa s
kg m33
^
K
K m31

The subscript x either stands for mush m, interface i, or bulk liquid b.
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0.1 and 0.4, typical for the Hawaiian lava lakes,
cooling through the sides should be of some importance and should therefore be taken into account when developing models for the cooling
and crystallization of such intrusions.
In order to test down to what aspect ratios side
wall cooling is of importance a simple comparison
between models for the cooling of an in¢nite sheet
(one-dimensional, 1D), the cooling of an in¢nite
rod (two-dimensional, 2D) and of a box (threedimensional, 3D) can be made based on simple
analytical and numerical solutions of conductive
cooling. Cooling of an in¢nite sheet with a constant initial temperature To and boundaries held
at zero temperature is given by (Carslaw and
Jaeger, 1959, p. 97, eq. (8)):
Tðz; tÞ ¼

r
4T o X
ð31Þn
Z n¼0 2n þ 1



 
ð2n þ 1Þ2 Z2 tU
ð2n þ 1ÞZz
exp 3
:
cos
4H 2
2H

ð1Þ

Here H is the thickness of the sheet, U is the
thermal di¡usivity, and t is time in seconds. A
complete list of symbols is given in Table 1.
Here the origin of the coordinate system is centered in the middle of the sheet. Integrating Eq. 1
over the thickness of the entire sheet and over
time yields the average temperature inside the
sheet as a function of time (Carslaw and Jaeger,
1959, p. 97, eq. (10)):


r
8T o X
1
ð2n þ 1Þ2 Z2 U t
T av
exp 3
:
Z n¼0 ð2n þ 1Þ2
4H 2
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being the depth of the 3D box along the x,y-axes,
and de¢ning y = zQ (2D case) and x = y = zQ (3D
case) Eqs. 3 and 4 may be rewritten such that:
Tð Q ; z; tÞ ¼ Tð Q z; tÞTðz; tÞ and Tð Q ; z; tÞ ¼
T 2 ð Q z; tÞTðz; tÞ:

ð5Þ

In principle Eq. 5 can be integrated analytically
just like Eq. 1 to come up with a value for Tav for
the 2D and 3D cases but the expressions become
very lengthy after a while and therefore Eq. 5 was
integrated numerically to calculate the average
temperatures. While varying the height to width
ratio, the volume of the 3D model was kept constant to ensure comparability between the di¡erent runs.
Fig. 1 shows the average temperature inside the
di¡erent geometries as a function of the height to
width ratio, Q. Of course, in the 1D case, this ratio
does not make sense, here it refers to the normalized thickness of the sheet. Clearly the di¡erences
in temperatures decrease when Q decreases and for
Q 6 0.1 there is no signi¢cant di¡erence any more.
However, for Q = 0.4 the normalized average temperatures vary between 0.63 (1D), 0.54 (2D) and
0.46 (3d), which is a signi¢cant (27%) decrease.
Even for Q = 0.2 the di¡erence is still larger than
20% (0.41, 0.37, 0.32) and at Q = 0.1 it is 17%.
This simple estimate demonstrates that side
wall cooling in not too ‘sheet like’ systems does
play an important role and has to be accounted

ð2Þ

With the boundary conditions speci¢ed above
even analytical solutions for the evolution of temperature for the 2D case :
Tðy; z; tÞ ¼ Tðy; tÞTðz; tÞ

ð3Þ

and the 3D case:
Tðx; y; z; tÞ ¼ Tðx; tÞTðz; tÞTðy; tÞ

ð4Þ

exist (see Carslaw and Jaeger, 1959, p. 173, eq.
(11) for the 2D case and p. 34, eq. (10) for the
3D case). Introducing the height to width ratio
Q = a/H with a being the width of the 2D box
and Q = a/H = b/H with a being the width and b

Fig. 1. Comparison of the temperatures inside an in¢nite
sheet (dots), an in¢nite rod (circles) and a box (triangles) as
a function of the height to width ratio Q. In the case of Q = 1
the thickness 2H was equal to 20 m and shown is the average temperature inside the di¡erent bodies after 36 days.
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for. However, the impact of convection on the
whole cooling still needs to be explored in such
systems, and in the following part of the paper we
present a numerical model for the cooling of sheet
like bodies including lateral heat loss. This allows
us to analyze lateral cooling and its impact on the
crystallization history of magmatic intrusions. We
do this by assuming di¡erent geometries, varying
wall rock temperatures, and constant versus time
dependent lateral heat £uxes. To cross-check our
model, we compare the results to data collected at
the Hawaiian lava lakes Makaopuhi, Kilauea Iki,
and Alae. This comparison shows that the predicted temperatures and crust locations ¢t the
measured data well, which shows that our modeling approach is a valid approximation to the processes inside lava lakes. In addition, we ¢nd that
although lava lakes usually have aspect ratios
6 0.2, side wall cooling does indeed have a signi¢cant in£uence on their cooling history.

2. The model
A variety of di¡erent modeling approaches exist
for the cooling and crystallization behavior of
£uids with the simplest case being a one-component £uid that is cooled from above. This problem
was ¢rst solved by Stefan (1891) and has subsequently been called the Stefan problem. It reduces
to two possible states within the system: The £uid’s temperature can be above the liquidus temperature and no crystals exist or the £uid completely solidi¢es upon the temperature dropping
below the liquidus temperature. One of the major
assumptions made in the Stefan problem is that
the phase transition takes place at a ¢xed temperature, the liquidus temperature, implying that
crystallization is an equilibrium process. In this
case the advance rate of the solidi¢cation front
is exclusively controlled by the amount of latent
heat release during solidi¢cation.
For top-down crystallizing multicomponent
melts like magma, the situation is more complicated. The di¡erent components typically solidify
over a temperature range of V200‡C, so that
crystallization is a continuous process that starts
at the liquidus temperature and is complete at the

solidus temperature. The solidi¢cation of magma
is associated with strong changes in physical
properties with the dramatic viscosity increase ^
by a factor of 1016 ^ likely to be the most important. Magma viscosity plays an important role in
the strati¢cation and thereby cooling of a magmatic intrusion. It has been found that maximum
packing of solids for basaltic magmas occurs at a
crystallinity of about 55% consistent with the results of drilling experiments at the now solidi¢ed
historic Hawaiian lava lakes. To drill through the
solid upper portion of a lava lake, the drilling
stem had to be mechanically advanced until the
lava’s crystallinity dropped below 55% at which
point the drilling stem sank under its own weight
(Wright and Okamura, 1977; Helz, 1980).
Although the exact viscosity at this point is unknown, this observation suggests that this point
marks the transition from mainly solid like to
mainly £uid like behavior. Below this upper crust
a mushy region exists; a mush is a region characterized by the coexistence of a stationary crystal
matrix and interstitial melts. Note that this de¢nition of a mushy region would of course also
include the upper partially crystallized rigid crust.
However, due to the change in mechanical properties at the point of 55% crystallization we use
this criterion for the distinction between the rigid
crust and the mushy region. A volume occupied
by a multicomponent melt that is cooled from
above will therefore separate in di¡erent parts
(Fig. 2) that following Marsh (1989a) can be
called (a) upper crust (here the degree of crystallization is between 50 and 100%), (b) a mushy
region (here the temperature is at or lower than
the liquidus temperature and the melt is only crystallized up to 50%), and (c) an underlying bulk
liquid where the temperature is still higher or
equal to the liquidus temperature and no crystals
exist. The boundary between the mushy layer and
the bulk liquid is called the solidi¢cation front
and in this case marks the appearance of the ¢rst
crystals.
The major problem in extending the one-component Stefan-type solution to such a magmatic
multicomponent system is hidden in the equilibrium assumption that is applied at the solidi¢cation
front. If a magma is not superheated, which is a
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Fig. 2. Schematic drawing of the model geometry showing
the general features of the mushy model as well as the whole
system once being only cooled from the top (A) and once
through the top, base, and sides (B).

common situation (e.g. Turner et al., 1986;
Marsh, 1996), the equilibrium model breaks
down and the speed of the solidi¢cation front
becomes in¢nite (Worster et al., 1990), because
no latent heat needs to be released in order to
advance the solidi¢cation front. One way to
cope with this problem is to use a disequilibrium
model which requires a certain amount of undercooling below the liquidus temperature to initiate
the phase transition. In this case the speed of the
solidi¢cation front is equal to the crystal growth
rate which is controlled by the degree of undercooling (e.g. Kerr et al., 1990b). With the undercooling necessary for crystal growth, there is also
a temperature di¡erence between the solidi¢cation
front and the bulk liquid that may drive convective motion in the whole system. This temperature
di¡erence is a minimum estimate for the temperature di¡erence available to drive thermal convection, as part of the overlying mush may or may
not go unstable too (see e.g. Davaille and Jaupart,
1993; Marsh, 1989b). In case of convection the
solidi¢cation front now separates the convecting
bulk liquid and the non-convecting mush; it no
longer marks the appearance of the ¢rst crystals

169

in the liquid as the temperature in the bulk liquid
may drop below the liquidus temperature leading
to internal crystallization (e.g. Hort, 1997; Jellinek and Kerr, 2001).
None of the models proposed so far for the
cooling and crystallization of lava lakes did include the cooling through the sides; cooling
through the top has been investigated several
times and cooling through top and bottom once
(Worster and Huppert, 1993). In this paper we
construct a rather simple model for accounting
for lateral heat loss by assuming a cylindrical geometry instead of a sheet like geometry. In order
to calculate the loss of heat through either top,
bottom or the sides, we split the problem into two
1D problems, meaning we once determine the
heat £ux through top and bottom using the standard extended Stefan model solution, and once
through the mantle of the cylinder either by prescribing a heat £ux or calculating the heat £ux
into the surrounding country rock. The loss of
heat through all sides is then used to calculate
the change in bulk liquid temperature.
We readily admit that using this approach we
slightly underestimate the total loss of heat from
the system. This can easily be shown through the
analytical model discussed above. From Eq. 1 we
can calculate the £ux of heat through one side.
Multiplying this £ux by 6 (the cube has six sides)
and integrating it over time we can calculate the
average temperature inside the cube if heat is lost
through each side ‘one-dimensionally’. The error
by which we overestimate the average temperature
compared to the full 3D conductive solution (Eq.
4) is on the order of 10%. We therefore believe
that our approach is a good ¢rst order approximation to the problem and certainly a lower limit
estimate, so it is conservative. The model constructed in the following section extends the ideas
of the 1D model presented earlier by Kerr et al.
(1990b), Worster et al. (1993) and Hort (1997)).
2.1. Temperature in the mush
We assume that heat transport in the solid and
mushy part of the system is exclusively conductive. Neglecting convection in these parts is of
course a simpli¢cation especially if the mush is
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porous. However, Hort (1997) argued that this
assumption does not alter the cooling process signi¢cantly. We therefore describe the temperature
distribution in the mush by the 1D heat conduction equation:

£ux Fb through the top and the lateral and basal
heat £ux Fwr and express the thermal evolution of
the bulk liquid as:


D
D
b ðH3hi Þ c T b 3L P b ¼ 3F b 3F wr :
Dt
Dt

ð8Þ

2

D
D
D
b c T m ¼ k 2T m þ b L P m:
Dz
Dt
Dt

ð6Þ

Here z, t, b, c, k, L, T, P are the vertical coordinate, time, density, speci¢c heat, thermal conductivity, latent heat, temperature, and degree of
crystallization, respectively. In order to simplify
the nomenclature of our variables we also introduced an index notation, where the subscript m
refers to variables in the mush, subscript i refers
to the solidi¢cation front, subscript b describes
the bulk liquid, and ¢nally the parameters of the
surrounding wall rock are labeled with the index
wr. We calculate the degree of crystallization by
assuming a linear relationship between the temperature and crystallinity:
Px ¼

T L 3T
T L 3T S

ð7Þ

which is a valid ¢rst order approximation to the
true phase relations (Hort, 1997). The subscript x
in Eq. 7 either stands for mush (m) or bulk liquid
(b), and subscripts L, S for liquidus and solidus,
respectively. In this formulation of the crystallinity^temperature relation we implicitly assume that
there is no bulk compositional strati¢cation during the solidi¢cation process, so that the solidus
and liquidus temperature in Eq. 7 are independent
of time and position.
2.2. Bulk liquid temperature and lateral heat loss
Conservation of heat provides the basis for calculating the temperature evolution of the bulk liquid. The heat £ux out of the bulk liquid has to be
balanced by the loss of sensible heat from the
bulk liquid diminished by the latent heat released
due to internal crystallization in the bulk liquid.
Here we assume equilibrium crystallization in the
bulk liquid which has been shown to be a very
good approximation to this part of the system
(Hort, 1997). We decompose the net heat £ux
out of the bulk liquid into the convective heat

This formulation implies that the bulk liquid in
the interior of the solidifying magma is always
well mixed, so that its temperature remains uniform. This approximation is justi¢ed, since we
assume that the bulk liquid is constantly convecting throughout the model runs thereby suppressing any thermal or chemical strati¢cation. We further assume that internally grown crystals
participate in the convective motion and do not
sediment to the ground. This is of course a simpli¢cation since basal heat loss may potentially
lead to some thermal strati¢cation at the base of
the system as well as sedimenting crystals may
form a basal boundary layer. Such a boundary
layer may result in a slightly diminished heat
loss through the base of the system that is not
accounted for in our model formulation.
The convective heat £ux out of the bulk liquid
through the mush, Fb , is determined from the well
known Rayleigh^Nusselt relationship which expresses the Nusselt number as a function of the
Rayleigh number (see e.g. Kerr et al., 1990a), so
that Nu = CRab . In this formulation C is a constant and b typically varies between 1/3 and 1/4
(Marsh, 1989b). In this study we assume b = 1/3,
which is typical for convection driven by cooling
from top and heating from below. The value of
the Nusselt number itself is de¢ned as the ratio of
the actual heat £ux, Fb , compared with purely
conductive heat £ux FCD , so that Nu = Fb /FCD .
Using the de¢nition of the Rayleigh number
Ra = (gbK(Tl 3Ti )H3 )/(UW) and applying Fouriers
law, q = k9T, with k being the thermal conductivity, for the conductive heat £ux, FCD , we express
the convective heat £ux as (e.g. Turner, 1979):
4 
4
1
K gb
3
3
Fb ¼ 2 V k
ðT b 3T i Þ3 :
U Wb

ð9Þ

Here V is an empirical constant, W the viscosity, K
the thermal expansion coe⁄cient, k the thermal
di¡usivity and (Tb 3Ti ) the di¡erence between
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the bulk liquid temperature, Tb , and the interface
temperature, Ti . We use a value of 0.056 for V as
suggested by Kerr et al. (1990a). We hasten to
emphasize that the above formulation of the Rayleigh number describes systems that are heated
from below or cooled from above, but not systems that are additionally cooled from the sides.
Since side wall cooling is an additional source of
negative buoyancy, the used Rayleigh number can
only be regarded as a lower bound for the true
Rayleigh number, but in order to allow a direct
comparison to the models with no side wall cooling we use this standard de¢nition of the Rayleigh
number.
Close examination of Eqs. 6 and 8 shows that
lateral heat transport exists exclusively from the
bulk liquid into the surrounding wall rock. Neglecting the conductive heat £ux from the mush
into the wall rock is justi¢ed by the fact that lateral heat transfer in it is not nearly as e⁄cient as
in the bulk liquid. Furthermore, as explained
above, we assume that the directions of the basal
and lateral heat £ows are strictly vertical and horizontal.
To calculate the heat £ux through the sides and
the bottom of the system, Fwr , we assume a cylindrical geometry. In this scenario Fwr can be calculated from:
F wr ¼ kwr



D

T wr 

Dz

z¼H



D

þ T wr 

Dr

!
0

2 Q ð13h i Þ

ð10Þ

r¼R

where the ¢rst term in the brackets is the £ux
through the base of the system and the second
term the £ux through the sides. In Eq. 10 r is
the horizontal radial distance from the center of
the bulk liquid, hPi is the normalized location of
the solidi¢cation front (hPi = hi /H), and Q is the
aspect ratio of the intrusion (H/R). In our experiments we use two di¡erent approaches to calculate the two heat £ux terms on the right-hand side
of Eq. 10: We either set them to a ¢xed value or
solve for the time dependent temperature distribution inside the wall rock. In this latter case we
solve the heat conduction equation in cartesian
coordinates for the heat loss through the bottom
and in cylindrical coordinates for the lateral heat
loss.
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2.3. Temperature at the interface
The last piece missing in the model formulation
is the boundary condition at the moving solidi¢cation front. Conservation of heat requires that
latent and sensible heat and the convective heat
£ux from the bulk liquid across the solidi¢cation
front have to be balanced by the conductive heat
£ux into the mush:
D
D
b cðT b 3T i Þ hi þ b Lð P i 3 P b Þ hi þ F b ¼
Dt
 Dt

D
ð11Þ
k T m  :
Dz
z¼hi
Here hi is the location of the solidi¢cation front,
Pi and Pb are the degrees of crystallization at the
solidi¢cation front and in the bulk liquid, Tm describes the temperature in the mush and Ti the
one at the interface. The ¢rst term on the lefthand side describes the amount of sensible heat
while the second term is the latent heat released.
In the classical one-component Stefan problem,
the interface temperature, Ti , equals the liquidus
temperature and the degree of crystallization at
the interface jumps from 0 to 100%. In this case
the speed of the solidi¢cation can be determined
directly from Eq. 11. In a multicomponent system
with disequilibrium crystallization, a certain
amount of undercooling is necessary for crystals
to grow and the interface temperature is no longer
equal to the liquidus temperature. Consequently,
the fraction crystallized at the interface, Pi , being
a function of Ti , is now greater than zero and
does not jump to 100% any more. To cope with
this problem, we set the speed of the solidi¢cation
front, Dhi /Dt, equal to the rate of crystal growth ^
as calculated from the crystal growth function
(see Spohn et al., 1988; Worster et al., 1990;
Hort, 1997).
Crystal growth is a thermally activated process
and can be written as the di¡erence between the
activation energy needed to integrate a molecule
into the crystalline structure, vGba
ae , and the one
(Rao
and Rao,
needed to disintegrate it, vGab
ae
1978):
U ¼C

0








vGba
vG ab
ae
ae
exp 3
3exp 3
KT
KT

ð12Þ

where K is the Boltzmann constant and CP a con-
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Table 2
Values used for the dimensionless numbers in the standard model formulation
Parameter

Description

Value

S
at
y
Tu *
Q
Ra0

Stefan number
dimensionless surface temperature
growth rate constant
norm. temperature maximizing U(T)
aspect ratio
initial Rayleigh number

1.3
34
500
0.95
0.1
1014

stant. In this formulation, the crystal growth
function still contains the di¡erent activation energies which are mostly unknown and therefore
make modeling di⁄cult. However, following
Spohn et al. (1988), Eq. 12 may be parameterized
by using the fact that the crystal growth function
has a maximum at the temperature Tu . We can
now rewrite the crystal growth function in a more
convenient way:


ðT L 3TÞT u
T L ðT3T u Þ
exp
¼
UðTÞ ¼ U max
TðT L 3T u Þ
ðT L 3T u ÞT
U max U  ðTÞ:

ð13Þ

For the temperature Tu and the maximum amplitude U(Tu ) = Umax we use literature values as they
are tabulated in e.g. Dowty (1980) and set the rate
of crystal growth equal to speed of the solidi¢cation front in Eq. 11:
D
hi ¼ UðTÞ ¼ U max U  ðTÞ:
Dt

ð14Þ

els that are additionally cooled from the base or
from the sides and the base.
3.1. The reference model
Fig. 3 shows a typical thermal evolution of
magma cooled from above; the locations of the
solidi¢cation front and the crust^mush boundary
(here the degree of crystallization reaches 50%)
are plotted in Fig. 3a as solid and dashed lines,
respectively. The origin of the parabolic shape
(typical to the classical Stefan solution) can be
understood if one analyzes what happens if the
solidi¢cation front advances by a small amount:
Upon advancement a certain amount of heat is
transferred from the bulk liquid and the solidi¢cation front through the mush to the surface. This
heat consists of three parts, the latent and sensible
heat released (a) in the mush, (b) at the advancing
solidi¢cation front, and (c) in the bulk liquid. The
¢rst part (a) is controlled by the temperature pro-

Before solving the system of equations we nondimensionalized the governing equations by introducing the dimensionless temperature a = (T3TS )/
(TL 3TS ) and the dimensionless time scale d = (tU)/
(H2 ), where H is the height of the system and
U = k/(bcp ) the thermal di¡usivity. For the full dimensionless model formulation and the numerical
details please refer to Appendix A and Table 2.

3. Modeling results
We analyze the impact of lateral heat loss on
the thermal evolution of the system by comparing
the results of a reference model which is exclusively cooled from above with the results of mod-

Fig. 3. A typical thermal history of magma that is exclusively
cooled from above. See the text for a detailed explanation.
SF = solidi¢cation front.
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¢le in the mush, while the other two parts (b and
c) are functions of the interface temperature, ai ,
and the bulk liquid temperature, ab (all temperatures are normalized temperatures, see Appendix
A). Since conservation of heat is required at the
solidi¢cation front, the total amount of heat
transferred from the bulk liquid and the solidi¢cation front has to be equal to the amount of heat
that can be transferred to the surface by conduction through the mush. This value is controlled by
the heat £ux through the mush that decreases
when the mush thickens thus decreasing the
amount of heat that can be conducted through
it. Therefore the heat £ux inside the mush is the
factor limiting the rate of advancement of the
solidi¢cation front and the crust giving rise to
the nearly parabolic shape of the curves.
At time zero the interface temperature equals
the surface temperature and consequently the
undercooling at the interface, vai = al 3ai , driving
the advancement of the solidi¢cation front, is
high. Here al is the current liquidus temperature
and because we assume equilibrium crystallization
in the bulk liquid it equals ab . Because the crystal
growth rate is a strong function of the undercooling, the large undercooling results in a high rate
of advancement of the solidi¢cation front that
explains the initially rapid growth shown by the
solid line in Fig. 3a.
Since we assume equilibrium crystallization in
the bulk liquid, no bulk liquid undercooling exists
at any time. The degree of crystallization of the
bulk liquid follows directly from Eq. 7. The temperature di¡erence, vac = ab 3ai , that drives convection is equal to the undercooling, vai = al 3ai ,
at the interface driving the growth of crystals and
thereby advance of the solidi¢cation front. Therefore, during the early stages of cooling not only
the crystal growth rate is high as a result of the
high undercooling (see Fig. 3c), vai , but also convective cooling of the bulk liquid is strong (see
Fig. 3c). Thus the bulk liquid temperature ab
drops and internal crystallization occurs. This is
accompanied by latent heat release.
As stated before, the latent and sensible heat
released in the bulk liquid at the interface and
in the mush have to be transferred to the surface.
Since conduction eventually becomes too sluggish
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to transfer these initially signi¢cant amounts of
heat to the surface due to thickening of the
mush, the amount of undercooling (see Fig. 3b),
vai , has to decrease reducing the advance of the
solidi¢cation front (see Fig. 3a) and the cooling of
the bulk liquid (Fig. 3b) and therefore the latent
heat production. Note, since we use a linear relationship between temperature and crystallinity
(Eq. 7) in all ¢gures the degree of internal crystallization can always be directly determined from
the bulk liquid temperature (Pb = (13ab )).
Fig. 3b shows that a certain undercooling, vai ,
equal to the driving force of convection, vac , is
present throughout the entire solidi¢cation. The
resultant convective heat £ux Fb out of the bulk
liquid lowers the bulk liquid temperature ab continuously (Fig. 3b). If, however, the bulk liquid
temperature dropped below the interface temperature ai convection would cease and the bulk liquid temperature would remain constant. This case
was, however, never observed during the model
calculations and convection is thus always
present. It may occur, when one models the crystallization in the bulk liquid as a disequilibrium
process (see Hort, 1997).
3.2. The impact of heat loss through the sides
To explore how extra lateral and basal cooling
may a¡ect the solidi¢cation process we compare
the reference model (solid lines) to models that
are additional cooled by a time dependent basal
(dashed lines) and basal plus lateral (dotted lines)
heat £ux (Fig. 4). As one would expect the additional cooling leads to a faster drop in the bulk
liquid (ab ) and interface temperature (ai ) (see Fig.
4b,c). However, when looking at the positions of
the solidi¢cation front and the crust (Fig. 4a) a
somewhat counter intuitive behavior is observed.
The speed of the crust^mush boundary increases,
while the advancement of the solidi¢cation front
slows down.
To understand the in£uence of extra side wall
cooling on the location of the crust^mush boundary the de¢nitions of the solidi¢cation front and
the crust^mush boundary are important. We de¢ned the crust^mush boundary as the boundary
where 50% of the melt is crystallized whereas the
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Fig. 4. Comparison of the thermal evolution of magma being
cooled from above (solid lines), from the top and the base
(dotted lines), and from the top, the base and the sides assuming Q = 0.5 (dashed lines). Heat transport in the country
rock is assumed to be by heat conduction, so the heat £ux
term in Eq. 11 is directly evaluated from the appropriate
heat conduction equation. SF = solidi¢cation front.

solidi¢cation front separates the convecting from
the non-convecting part of the system. The degree
of crystallization at the crust^mush boundary is
therefore always constant, while the fraction crystallized at the interface does not have a ¢xed value, it depends on the interface temperature ai and
this value varies signi¢cantly between models.
Since the degree of crystallization is directly
linked to the temperature (see Eq. 7), lateral and
basal cooling change the temperature and crystallinity pro¢le within the mush thereby modulating
the speed of the crust^mush boundary that increases with additional cooling. The average temperature inside the mush is lower if the system is
cooled from the sides which increases the degree
of crystallization. At every point in time the point
where 50% crystallinity is reached is therefore
deeper inside the system compared to the case

of insulated sides; consequently the rate of advancement of the crust^mush boundary is higher.
The explanation for the slower solidi¢cation
front is somewhat more complicated. As a direct
consequence of the extra cooling the bulk liquid
temperature, ab and the temperature at the solidi¢cation front, ai , drop more rapidly (Fig. 4b,c)
meaning the degree of crystallization at the solidi¢cation front is not the same in the di¡erent
model calculations shown in Fig. 4. This makes
the comparison between the solidi¢cation front
positions in the di¡erent model calculations di⁄cult and allows only a qualitative discussion. As
the degree of crystallization in the bulk liquid increases with additional cooling, the amount of
latent heat that is produced in the bulk liquid
also increases with additional cooling. From Eq.
11 it is clear that the conductive heat £ux into the
mush must equal the amount of latent and sensible heat released at the solidi¢cation front plus
the convective heat £ux Fb . Because the heat
£ux into the mush diminishes faster if the system
is cooled from all sides (Fig. 4d) than in the case
of exclusive cooling from the top, the amount of
heat that can be transported to the surface decreases faster. If the amount of latent and sensible
heat from the bulk liquid increases and if the heat
£ux into the mush decreases, the amount of latent
heat that can be removed from the solidi¢cation

Fig. 5. The impact of di¡ering aspect ratios Q on the thermal
evolution of the system. The solid lines refer to a model that
assumes an aspect ratio of 0.1, the dashed lines to one with
Q = 0.2, and the dotted lines to one with Q = 0.5. SF = solidi¢cation front.
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front decreases and therefore its speed reduces as
is observed in the model calculations.
One aspect of side wall cooling ^ which we do
not explicitly explore in the model calculations ^
is that mushy layers may also develop along the
sides and the base of the system. One potential
e¡ect of these fronts is that the aspect ratio, Q,
of the system continuously changes. Fig. 5 shows
the evolution of the solidi¢cation front, the upper
crust position, and the bulk liquid temperature for
models that account for lateral cooling, but assume di¡erent aspect ratios between 0.1 and 0.5.
The impact of varying Q on the location of the
crust and solidi¢cation front is negligible ; the
bulk liquid and interface temperature decrease
slightly with an increasing aspect ratio as one
would expect. One e¡ect not included in the model calculation might be that the temperature gradient at the margins of the bulk liquid might be
smaller if mushy layers were allowed to develop
along them. Therefore, the lateral heat losses assumed in this study represent the maximum cooling rate for a given geometry and initial wall rock
temperature.
Next we will ¢t measured temperature data in
the historic Hawaiian lava lakes by adjusting the
amount of lateral and basal heat loss. Here, the
actual values given for these extra heat £uxes can
be viewed as e¡ective heat £uxes through the potentially ‘mushy’ sides and base of the lakes.

4. Applying the model on lava lake cooling
The three historic Hawaiian lava lakes Alae,
Makaopuhi, and Kilauea Iki have been subject
to extensive ¢eld work including temperature
measurements and estimates of the upper crust
locations (Wright and Okamura, 1977; Peck,
1978), which allows us to benchmark our modeling results against these data sets. Fig. 6 shows a
comparison between the measured and modeled
crust locations (Fig. 6, upper part) and bulk liquid temperatures (Fig. 6, lower part) for di¡erent
kinds of model calculations. These are the reference model and models additionally cooled from
the base and sides by a constant or time dependent heat £ux. The vertical error bars in Fig. 6,
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Fig. 6. Comparison of various model calculations to data
collected in the Hawaiian lava lakes. In the models with a
constant heat £ux through the bottom and the sides a value
of 70 W/m2 has been assumed which was found to give a
good ¢t to the data at later times. For a description on how
the error bars on the measured temperature data are generated the reader is referred to the text.

lower part stem from the impossibility to drill
through the mush all the way into the bulk liquid
and directly measure the bulk liquid temperature.
The measured temperatures can therefore only
give a lower bound to the true bulk liquid temperature which can be anywhere between the measured value and the initial liquidus temperature.
To better compare the measured data with our
modeling results we non-dimensionalize all values.
To do so, we need the thickness of the lava lakes
as well as the thermal di¡usivity, U, of the melts
that ¢lled the lava lakes. We use the depths of the
three di¡erent lava lakes as given in the various
drilling reports (13.7 m (Alae), 83 m (Makaopuhi), 111 m (Kilauea Iki)) and use the generally
accepted value of 6.0U1037 m2 /s for U.
Fig. 6, upper part shows that all di¡erent models ¢t the measured crust locations quite well with
the models including extra cooling from the sides
and/or the base leading to a better ¢t of the data.
Also the measured bulk liquid temperatures,
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shown in Fig. 6, lower part, are much better ¢tted
by models including extra cooling than by the
reference model. In this case, however, there is a
remarkable di¡erence between the di¡erent types
of models: A constant heat £ux generally leads to
an overestimate of the bulk liquid temperature
early on during the cooling history while a time
dependent heat £ux results in a better ¢t to the
measured data. In addition, there is a signi¢cant
o¡set between models that are additionally cooled
from below and models that lose heat to all sides
although we have assumed the typically small value of 0.2 for the aspect ratio in the calculations.

5. Discussion and conclusions
The incorporation of side wall heat loss into a
standard 1D model for cooling of sheet like geometries led to three main conclusions. First, the
model calculations demonstrate the signi¢cance of
side wall cooling for the crystallization history of
lava lakes. The o¡set in the modeling results between models that are cooled from the top and
bottom and models that also include side wall
cooling shows that despite the small aspect ratio
(Q = 0.2) lateral heat loss does have a signi¢cant
impact on the thermal evolution of sheet like intrusion in general and lava lakes in particular.
Second, the fact that models assuming a constant
heat £ux in the wall rock seem to overestimate the
bulk liquid temperature during early times of the
cooling which suggests that side wall heat £ux is
indeed a function of time. Third, we have shown
that additional heat loss through the sides and
base of the system does not have a strong in£uence on the location of the upper crust. This behavior indicates that there is a decoupling between the parts of the system that are cooled by
conduction and those cooled by convection. The
temperature distribution in the mush appears
therefore to be shielded from the processes inside
the bulk liquid.
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Appendix A. Numerics
Here we derive the full set of dimensionless
equations used in the model derived above. We
non-dimensionalize the governing equations by
scaling length with H, time with H2 /U, where U
is the thermal di¡usivity U = k/bc, and temperature with vT = TL 3TS and then introducing a as
the dimensionless temperature a = (T3TS )/vT.
Using those scales we derive the following set of
dimensionless variables :
d is the dimensionless time:
d¼

tU
;
H2

z* and r* are the new distance coordinates :
z ¼

z 
r
; r ¼ ;
H
R

and hPi is the normalized location of the solidi¢cation front:
h0 i ¼

hi
:
H

Introducing these variables into the governing
equations provides the new set of dimensionless
equations. Eq. 6, describing the temperature distribution in the mush, now takes the following
form
:


D
D
D2
a m ¼ 2 a m :
13 P m S
ðA:1Þ
Dd
Dd
Dz
The temperature at the solidi¢cation front, earlier described by Eq. 11, is expressed as:
D
ðða b 3a i Þ þ Sð P i 3 P b ÞÞ h0 i þ
Dd
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boundary problem is solved by mapping the interval [0ThPi ] linearly on the interval [0T1].
To actually solve the governing di¡erential
equations numerically, some initial and boundary
conditions have to be set. The initial conditions
are :

the bulk liquid temperature (Eq. 8) as:
ð13h0 i Þ



d
d
a b 3S P b
dd
dd


¼

4

 1

1
D
3
3
3Nu
þ
ða b 3a i Þ 3  a wr 
W0
Dz
z ¼1


D
:
2 Q ð13h0 i Þ  a wr 
Dr
r ¼1


ðA:3Þ

Finally the temperature distribution in the wall
rock is rewritten as:
2

D
D
a wr ¼ k 2 a wr :
Dr
Dd

ðA:4Þ

The term WP in Eq. A.2 is the dimensionless
viscosity :
W0 ¼

W
;
WL

ðA:5Þ

with W being the viscosity and WL the viscosity at
the liquidus temperature. Following Hort (1997),
Eq. A.5 may be rewritten such that:


T u 13a b
W ¼ exp
13T u a b þ B
0


:

ðA:6Þ

Here B = TS /vT is a constant, ab is the dimensionless bulk liquid temperature and Tu * = Tu /TL .
The parameters appearing in the dimensionless
Eqs. A.1^A.4 are a Stefan number S:
S¼

L
;
cvT

ðA:7Þ

a modi¢ed Nusselt number Nu*:

1
4
Ra0
3;
Nu ¼ 2 V
3 13a t


ðA:8Þ

and the initial Rayleigh number Ra0 :
Ra0 ¼

K g b ðT L 3T t ÞH 3
:
U WL

ðA:9Þ

Finally the crystal growth function (Eq. 14) has
to be scaled as well. This is done by introducing
the growth law constant y = Umax H/U :
d 0
h i ¼ y U :
dd
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ðA:10Þ

Following Kerr et al. (1990a) the moving

a b ðd ¼ 0Þ ¼ 1;
P b ðd ¼ 0Þ ¼ 0;
h0 i ðd ¼ 0Þ ¼ 0;

ðA:11Þ

while the boundary conditions are :
a m ðz ¼ 0; d Þ ¼ a t ;
a m ðz ¼ h0 i ; d Þ ¼ a i ;
a wr ðr ¼ 0; d Þ ¼ a b ;
a wr ðr ! r; d Þ ¼ a wrinit :

ðA:12Þ

The initial condition for ab implies that the
erupted lava is not superheated which is true for
most lavas (see above). Even if it is superheated it
has been shown that convective processes in lava
cooled from above rapidly remove any existing
superheat (Turner et al., 1986). The boundary
condition for the wall rock temperature awr is
found by assuming that the temperature far
away from the contact (here a distance of 5H is
assumed) is not altered by the heat £ux from the
lava lake and stays therefore constant. It is also
assumed that the surface temperature at remains
constant as a result of air circulation.
After all initial and boundary conditions are
set, the di¡erential equations are solved using ¢nite di¡erences. Since all equations are coupled
they cannot be solved independently from each
other. Eq. A.10, describing the rate of advancement of the solidi¢cation front, is substituted into
Eq. A.2 and solved together with the heat conduction equation for the temperature in the mush
Eq. A.1. This is done by varying the dimensionless interface temperature ai and solving the differential equations accordingly until Eq. A.2 is
satis¢ed to a prescribed accuracy. The implemented algorithm uses an iterative Crank^Nicholson technique to solve the partial di¡erential Eq.
A.1 while the search for ai in Eq. A.2 is done by
using a combined root bracketing, bisection, and
inverse quadratic interpolation method also

VOLGEO 2728 22-1-04

178

L.H. Ru«pke, M. Hort / Journal of Volcanology and Geothermal Research 131 (2004) 165^178

known as Brent’s method (Press et al., 1992). To
determine the temperature in the bulk liquid, ab ,
the ordinary di¡erential Eq. A.3 is integrated together with the partial di¡erential Eq. A.4. For
the ordinary di¡erential equation a fourth order
Runge^Kutta algorithm is utilized while the partial di¡erential equation is solved with the already
mentioned Crank^Nicholson technique.
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